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Abstract—The heat transfer and fluid flow patterns in the mixed convection regimes for the double circular
cylinders arranged transverse to the vertical air stream are presented. The difficulty of the non-singular
grid generation for the present triply-connected region has been effectively resolved by the FEM-FDM
grid blending technique which requires embedding of finite elements in the small area of major geometrical
difficulty. The unsteady streamfunction values are assigned rigorously on the cylinder surfaces and on the
far-field boundary. It has been found that the Karman vortex street breaks down behind the double heated
cylinders in a transient manner for a certain Richardson number range due to the buoyancy effect and
vortex interaction, in contrast to the sudden breakdown applicable to a single heated cylinder.

1. INTRODUCTION

A NUMBER of experimental research papers on the
mixed convection heat transfer from a circular cyl-
inder as well as from tube banks have been published.
Sharma and Sukhatme [1] presented an experimental
study on the mean heat transfer from a heated tube
in a crossflow. Oosthuizen and Madan [2] suggested
a correlation formula relating the forced convection
heat transfer to the mixed convection one. They also
studied the heat transfer from the circular cylinder
affected by change of forced flow direction {3]. Hatton
et al. [4] proposed in the mixed convection regime a
correlation formula based on the vectorial addition
of the forced and natural convection heat transfer
coefficients.

Numerical studies have also been accomplished by
many authors. Joshi and Sukhatme [5], Sparrow and
Lee [6], and Merkin [7] analysed the mixed convection
problem for a circular cylinder using the boundary
layer approximation. Jain and Lohar [8] investigated
unsteady mixed convection heat transfer from a cir-
cular cylinder under the Boussinesq approximation.
Badr [9, 10] also calculated the Navier-Stokes and
energy equations and studied the influence of the for-
ced flow direction in the low Reynolds number range
up to 40.

The mixed convection heat transfer from a circular
cylinder has attracted much attention due to appli-
cation to the probe of the hot-wire anemometer sub-
merged in a low speed fluid flow. The study of the
heat transfer characteristics of tube banks, on the
other hand, has attracted researchers due to the
importance in view of the heat exchanger design.
Faghri and Rao [11] investigated the effect of fins
installed at each cylinder of the tube banks. The heat

and momentum transfer from the in-line tube bundles
in a crossflow were studied numerically in ref. [12]. In
these works the computational domain was split into
smaller regions, each of which has periodic boundary
conditions in one or two directions.

Noto and Matsumoto [13] showed through exper-
iments that the Karman vortex street behind a cyl-
inder could suddenly break down due to the buoyancy
force assisting the mixed convection. For mixed con-
vective flow parallel to the direction of the gravi-
tational force, it was computed that by increasing the
Grashof number against a constant Reynolds number
the Strouhal number indeed increased gradually
before it suddenly fell to zero [14].

In this paper the fluid flow and heat transfer charac-
teristics of the unsteady mixed convection about a
pair of parallel circular cylinders arranged transverse
to the vertical air stream are studied. The interaction
of the vortex streets from the two cylinders, which is
already complicated and nonperiodic depending on
the cylinder distance, was proved to be much affected
by the buoyancy force. The present problem cannot
be treated as a component of the tube bank system
having periodic boundary conditions. Instead the
whole flow domain has been computed here with the
far-field boundary conditions specified accurately.
Since the flow domain is also mathematically tripty
connected, the ordinary computational grid gen-
eration has the trouble of having grid singularity on
the body surface; Chen and Tong [15], for example,
could not avoid the singular points on the droplet
surfaces of the droplet arrays. The present authors
have introduced the FEM-FDM grid blending tech-
nique to remove the grid singularity as well as the
difficulty in applying surface boundary conditions;
see also ref. [16].

1347



C.-J. SonG and K.-S. CHANG

a cylinder radius

Cp  drag coefficient, drag/(1/2)pU2 (2a)
C,  lift coefficient, lift/(1/2)p U2 (2a)
specific heat at constant pressure

g gravitational acceleration

g dimensionless gap size between double
circular cylinders

NOMENCLATURE

vertical and horizontal components of
velocity

U,  speed of free stream

Cartesian coordinates.

Greek symbols

Gr  Grashof number, gf(T—T,,)(2a)’ /v? " thermal diffusivity

h local heat transfer coefficient B coefficient of volumetric thermal

k thermal conductivity expansion

n normal direction from computational ¢ dimensionless vorticity

boundary 0 angular coordinate

Nuy, Nu,, local and mean Nusselt numbers u dynamic viscosity

Nug,, forced convection Nusselt number v kinematic viscosity

Pr Prandtl number, v/a = uC,/k &, n general coordinates

Re Reynolds number, 2aU., /v p density

t dimensionless time 1) dimensionless temperature,

T temperature (T—TINTe—T,)

T., T, temperature of wall and free stream ] dimensionless streamfunction.
When the two cylinders are close within one diam- FDM

eter distance and when they are not heated, it has been
shown that the wake flow is aperiodic and bistable
[16-18]. In the present work we have shown that sym-
metry and periodicity can be resumed by the buoyancy
force assisting the flow at the same Reynolds number.
Also, contrary to the earlier findings that the Karman
vortex street behind a single heated cylinder could
break down very suddenly [13, 14], it has been found
that an oscillating transient period of time is necessary
before the vortex sheddings are broken in the case of
heated interactive cylinders. We have considered three
cases of Grashof number, Gr = 10°, 5x 10°, and 10*
while the Reynolds number was fixed at Re = 100.
The Prandtl number was taken as 0.7 and the cylinder
distance was 0.7 diameter.

2. PROBLEM STATEMENT AND
MATHEMATICAL FORMULATION

We consider two-dimensional, unsteady incom-
pressible viscous flow past heated double circular cyl-
inders arranged transverse to the air stream. The sche-
matic diagram of the flow geometry is given in Fig. 1.
The direction of the incident flow is upward and the
buoyancy force assists the flow. The fluid properties
such as kinematic viscosity, v, coefficient of volumetric
thermal expansion, 8, and thermal conductivity, £,
are assumed constant. The Boussinesq approximation
is taken by holding the density, p, constant except in
the buoyancy force term.

The conservation equations of mass, momentum,
and energy can be put in non-dimensional vorticity
and streamfunction form as

outer boundary of the FEM subdomain

inner boundary of the FDM subdomain

FiG. 1. Schematic diagram of the flow and division of the
computational domain.
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Re = 2aU_/[v
Gr = gB(T, — T.)(2a)*/v*
Pr =vfa = puC,lk.

The dimensionless variables ¢, {,  and ¢ are defined
as

t=1"Ugfla, {={*alU,
Y =y*aU,, ¢=T-T,)/(T.—T)

where the asterisk implies the corresponding dimen-
sional quantity. Here T is absolute temperature.

We assume that the fluid is initially stationary
before the double cylinders are suddenly heated to a
unit temperature. The boundary conditions are taken
as follows:

wall surface boundary
l// = ‘//wall(t)

oy L
5209 d)_ls (4)

far-field boundary

'// = lpfar(t’ x9y)
{ = ¢ = 0 (inflow boundary)

Ué = % = 0 (outflow boundary) )
on dn

where n denotes the normal direction from the bound-
aries. The streamfunction values on both the surface
and far-field boundaries are not fixed but calculated
at each time step. ¥, (¢) can be determined from the
single valuedness of pressure [19] and ¥, (¢, x,y) is
obtained using the integral-series method [20]
developed in the earlier work of the authors. The far-
field boundary is located from the origin by as much
as 25 cylinder radii.

3. NUMERICAL METHODS

We apply the FEM-FDM grid blending technique
to the present calculations. The computational
domain of the present problem is split into two sub-
domains overlapped over a thin common buffer layer.
This buffer layer belongs to either the FEM or the
FDM subdomain depending upon the computation
process. The newest information calculated in one
subdomain is iteratively transferred to the other
through this buffer layer. The buffer layer occupies as
few as one element width band.

Discretizing the FEM subdomain to apply the
Galerkin method leads to the following system of
ordinary differential equations of matrix form :

d¢
dr

Gr
2Re? ¢

Ky—M{ =0 @]

M

2
+CWT+ = KE = ©

1349

do 2

M i +CW)¢+ Re PrK¢ =0. ®)
The Euler explicit method is used to integrate equa-
tions (6) and (8) in the time direction. The linear
systems are solved with the frontal technique which is
a sort of direct Gaussian elimination. Since there is
no pressure term, the four-node isoparametric el-
ements with bilinear shape functions are applied to all
variables.

In order to accomplish calculations in the FDM
subdomain the governing equations (1)-(3) are trans-
formed to the general coordinate system of ¢ and #.
The transformation of the equations is based on the
following formula :

fo = Qnle=yef)I* ©

1= (efy=x,f)I? (10)
Vi = @fer—2Bfe +ifmtofy T (A1)
where

o« =X, +y, (12)
B =xex,+ ey, (13)
y=x{+y¢ 14

0 = [(oxge —2Bx g +vx,0) Ve
— (e —2Bye +vym)x ) (15)

T = [(ayge = 2Byey +7Van) X
—(axge —2Bxey +yx,)¥,1/7 (16)
J=X:Yy—X, Y. a7

Here f is an arbitrary function and all subscripted
variables represent derivatives. The metric coefficients
and the Jacobian, J, are obtained by the numerical
grid generation technique. Of the many techniques,
that of Steger and Sorenson [21] is chosen in the
present study to generate the O-mesh to be used in
the FDM region surrounding the FEM region.

Central differencing in space and forward Euler
differencing in time are used to retain compatibility
with the FEM formulation. The finite difference form
of the streamfunction equation is solved by the point-
SOR method.

4. RESULTS AND DISCUSSION

The discretized finite elements in the inner FEM
region and part of the finite difference grid in the outer
FDM region are shown in Fig. 2. The finite elements
and the nodal points were counted as 780 and 849,
respectively, while the finite difference grid size was
61 x 41. It is noteworthy that the number of common
elements in the buffer layer was only 60; these are
marked by the shading in Fig. 2. The discretized time
step Az was 0.02 and each case of the present cal-
culations has been accomplished within 60 s of the
dimensionless time.
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1. 2. The blended grid system.

Fi6. 3. Streamlines: (a) Gr = 10°, £ = 60: (b) Gr = 5x 10",
1=20; (¢) Gr=5x10% (=60 (d) Gr=10% ¢=60.
{Re = 100 in all cases.)

It is well known that the wake flow behind a single
cylinder becomes unstable and the Karman vortex
street is built up if the Reynolds number is raised over
40. In the pure buoyant flow of natural convection,

. SonNG and K.-S. CHANG

Fi1G. 4. Isotherms: (a) Gr = 10°, 1 = 60: (b) Gr = 5x 107,
r=20: (c) Gr=5x%x10% t=60: (d) Gr=10% =060
(Re = 100 in all cases.)

however, there is no Karman vortex street. Buoyancy
then acts as a stabilizing force in the mixed convection
regime if the free stream is in the vertical direction.
Experiments by Noto and Matsamoto [13] and
numerical calculations by Chang and Sa [14] have
indeed shown that the Karman vortex street could
suddenly break down by the buoyancy force.
However, the wake flow behind the double cyl-
inders arranged transverse to the free stream is more
unstable and show the bistability when g* < 1.0. The
gap flow between the two cylinders is biased to one
or the other direction [16]. If the double cylinders are
heated to generate the buoyancy force, the gap flow
then has the iendency of straightening up. The stream-
lines shown in Fig. 3 describe such a behaviour. When
the buoyancy force is weak. the gap flow remains stll
biased (sec Fig. 3(a)). With stronger buoyancy force,
however. the gap flow becomes straight and the whole
wake flow takes first the symmectric shedding form
(see Fig. 3(b)) and then the stationary twin vortices
attach to the cylinders. The temperature and the vor-
ticity contours shown in Figs. 4 and § also support
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c d

Fic. 5. Isovorticities : (a) Gr = 10°, ¢ = 60; (b) Gr = 5 x 10%,
t=20; () Gr=5x10% t=60; (d) Gr=10% 1=60.
(Re = 100 in all cases.)

such characteristics. In contrast to the sudden vortex
breakdown in the case of a single cylinder [14], the
present double cylinders experience a transient vortex
breakdown process. For some time after sudden heat-
ing of the cylinders in a free stream, the dynamic
vortex shedding persists in a transient manner before
it finally breaks down to the steady-state twin vortices.
As the Richardson number, Gr/Re® is further
increased, the transient time period is shortened to
as small as zero. The lift coefficient curves shown in
Fig. 6 clearly show the accelerated transient oscil-
latory behaviour with higher Grashof number.

Figure 7 shows the drag coefficient curves. In the
case of Gr = 10°, the drag coefficients of the two cyl-
inders are seen to deviate from each other (curves I
and II). The two curves are in accord with each other
in the cases of Gr = 5x 10% and 10*, Like the case of
a single cylinder, the drag coefficient increases as the
Grashof number is raised. This is because the wake
becomes more and more buoyant so that the pressure
drag as well as the skin friction are elevated for a fixed
Reynolds number.
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Fi1G. 6. The lift coefficient (C.) curves: (a) Gr = 10*; (b)
Gr =5x10%; (c) Gr = 10*. (Re = 100 in all cases.)
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FiG. 7. The drag coefficient (Cp) curves: (a) Gr = 10°; (b)
Gr = 5x10%; (c) Gr = 10*. (Re = 100 in all cases.)
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FiG. 8. The local Nusselt number distributions on one of

the double cylinders: ————, Gr = 5x 10*, Re = 100; ——,

Gr = 10%, Re = 100; —O—, Gr/Re* = 1.0 for a single cyl-
inder [5]; S.P. denotes the separation point.

Figure 8 shows the distribution of the local Nusselt
number defined by

Nup = 2ahjk = -2 (6_(;5) .

an (18)

For Gr/Re* = 1.0 (Gr = 10* and Re = 100), the pre-
sent result is compared with the single cylinder result
by Joshi and Sukhatme [5]. The two agree closer in
the outer part than in the inner part on one of the
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FiG. 9. The temperature and velocity profiles on the cylinder

surfaces: (a) & =90"; (b) 0 =270°. (A) Gr=S5x10%
Re = 100 (B) Gr = 104, Re = 100,

double cylinders since the flow of the outer part is
more similar to that of a single cylinder. It implies
that the thermal convection is slightly more vigorous
in the inner part than in the outer part. This fact is
suggested by the thinner thermal and velocity bound-
ary layers on the inner part (0 = 270°) than on the
outer part (6 = 90°) as plotted in Fig. 9.

Figure 10 shows the time history of the mean Nus-
selt number. Similar to the drag coefficient curves, the
mean Nusselt number of one cylinder is increased with
the Grashof number due to the enhanced thermal
convection process. In Table 1 the mean Nusselt num-
bers of the double cylinders are compared with the
single cylinder results reported by some researchers.
The correlation values of Nu,, are obtained from the
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FiG. 10. The mean Nussclt number curves: (a) Gr = (07 ;

(b) Gr = 5x10%: (¢) Gr == 10*. (Re = 100 in all cases.)

formula by Oosthuizen and Madan [2]

Gr [ Gr ,
(»1@2) —0.011 ( 'R';'z) .9

N
S 4008

NHgor

The mean Nusselt numbers of the double cylinders
are seen again slightly larger than those of the single
cylinder cases because of the enhanced heat transfer
in the inner parts of the double cylinders.

5. CONCLUSION

The mixed convective flow and heat transfer from
the double circular cylinders are studied for three cases
of Gr/Re*. The FEM-FDM grid blending technigque
has beautifully worked for the triply-connected con-
figuration of the present problem. It has been found
that the breakdown of the Karman vortex street from
the double heated cylinders occurs in a transient man-
ner due to the vortex interaction and buoyancy effect.
in contrast to the sudden breakdown applicable to the
single heated cylinder. It has also been found that heat
transfer is more vigorous locally on the inner parts
than on the outer parts of the double cylinders due to
the activated buoyant gap flow.

Table 1. Mean Nusselt numbers

Nitgoo Nug, Nu,,
Re = 100 Re = 100 Re = 100

Authors Gr=0 Gr=150x10° Gr=10x10*
Single cylinder

Eckert and Soehngen [22] 5.23 5.69° 6.11"

Hilpert {23] 5.26 5.72% 6.15

Chang and Sa {14] 5.23¢ 5.56¢ 5.98*

McAdams {24] 5.04 5.48" 5.89%
Double cylinders

Present results 5.75¢ 6.16°

“ Navier—Stokes computation value.
# Correlation value.
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TRANSFERT DE CHALEUR ET DEVELOPPEMENT D’UN VORTEX LIBRE PAR UNE
PAIRE DE CYLINDRES CIRCULAIRES DANS UN ARRANGEMENT
TRANSVERSAL

Résumé—On présente le transfert de chaleur et les configurations d’écoulement dans des régimes de
convection mixtes pour deux cylindres circulaires en arrangement transversal a un écoulement d’air vertical.
Une difficulté de génération de grille pour la région triplement connectée a été efficacement résolue par la
technique mélée de grille FEM-FDM qui demande le logement des éléments finis dans une petite surface
de grande difficulté géométrique. Les valeurs variables de la fonction de courant sont rigoureusement
assignées sur les surfaces des cylindres et sur la frontiére lointaine du domaine. On a trouvé que I'allée de
tourbillons de Von Karman se rompt derriére les deux cylindres chauffés d’une fagon variable, pour un
certain domaine de nombre de Richardson due a un effet de flottement et une interaction de tourbillons,
en contraste avec la rupture nette dans le cas d’un cylindre chaud unique.

WARMEUBERGANG UND AUFTRIEBSBEDINGTE WIRBELABLOSUNG AN EINEM
PAAR QUERLIEGENDER KREISZYLINDER

Zusammenfassung—Es werden die Formen von Wirmeiibergang und Stromung bei Mischkonvektion an
einem Paar von Kreiszylindern, das quer von Luft angestrémt wird, vorgestellt. Die Schwierigkeit der
nicht-singuliren Gittergenerierung wird fiir das vorliegende dreifach verbundene Gebiet mit Hilfe des FEM—
FDM-Verfahrens der Gittererzeugung bewiltigt. Dieses Verfahren erfordert die Einbettung zusitzlicher
Elemente in dem kleinen, geometrisch schwierigen Gebiet. Die nicht-stationiren Werte der Stromfunktion
werden exakt an den Zylinderoberflichen und an den Begrenzungen des Fernfeldes bezeichnet. Es zeigt
sich, daB die Karman’sche WirbelstraBe hinter dem beheizten Zylinderpaar in transienter Weise in einem
bestimmten Bereich der Richardson-Zahl zusammenbricht. Dies wird durch Auftriebseffekte und
Wirbeliiberlagerung verursacht und steht im Gegensatz zum plétzlichen Zusammenbrechen bei einem
einzelnen beheizten Zylinder.
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TEIUJIOMNEPEHOC, B3AUMO/JIEACTBUE U CPblB KOHBEKTHUBHLIX BUXPEU 3A
TTAPON TOPU3OHTAJIBHBIX HWJIVMHAPOB KPYTIJIOrO CEYEHN A

Amnoraima—ONKCHIBAIOTCS KAPTHHBI CMEUIAHHOKOHBEKTHBHBIX TEIUIONEPEHOCA H TEYEHMs XHUIKOCTH B
clydyae TNomepedHoro o0TekaHHWA BO3LYXOM Napbl FOPH3OHTAJIBHBIX HHJIMHAPOB KPYIJOLO CEYeHMA.
TpyAHOCTb CO3NAHHS HECHHIYJAPHOM CETKM JUIsl MCCiIelyeMOM 06JacTH ¢ TPOMHOM CBA3LIO YCHEIIHO
npeosioieHa C HCToJib30BaHMeM Mertoza, coderaromnero cetku MKD m MKP u TtpebGyrouiero seona
KOHEYHBIX 3JIEMEHTOB B Mallylo OOJIACTb, NMPEACTABAAIOLIYID OCHOBHYIO T€OMETPHYECKYIO CIOXHOCTb.
Ha noBepXHOCTAX UMIHHAPOB M I'DAHMLE YAJEHHOrO MOJA 3a/aBajUCh HECTALMOHADHbIE 3HAYECHUSA
¢yuxumm toxa. HafineHo, 4To mpH HEKOTOpHIX 3HaYeHMAX 4ucia Puvapncona Osmaromaps adbexram
NOABEMHOM CHJIIBL M B3aMMOJCHCTBMIO BUXDell NPOHCXOOMT HEYCTAHOBMBILUMICH [POLECC pa3pylLICHHs
BHXPEBbIX 10poxek KapMaHa 3a napoil HarpeThix WMIMHAPOB, 4TO OTJIAYAETCH OT CIIy4as ¢ eAUHAYHBIM
UHIHHAPOM, B KOTOPOM pa3pylieHHe IPOMCXOOHUT BHE3AMHO.



